You have probably seen a picture of the famous butterfly-shaped Lorenz attractor -on a book cover, a conference poster, a coffee mug or a friend's T-shirt. The Lorenz attractor is the best known image of a chaotic or strange attractor. We are concerned here with its close cousin, the two-dimensional stable manifold of the origin of the Lorenz system, which we call the Lorenz manifold for short. This surface organizes the dynamics in the three-dimensional phase space of the Lorenz system. It is invariant under the flow (meaning that trajectories cannot cross it) and essentially determines how trajectories visit the two wings of the Lorenz attractor.
Lorenz attractor is the best known image of a chaotic or strange attractor. We are concerned here with its close cousin, the two-dimensional stable manifold of the origin of the Lorenz system, which we call the Lorenz manifold for short. This surface organizes the dynamics in the three-dimensional phase space of the Lorenz system. It is invariant under the flow (meaning that trajectories cannot cross it) and essentially determines how trajectories visit the two wings of the Lorenz attractor.
We have been working for quite a while on the development of algorithms to compute global manifolds in vector fields and have computed the Lorenz manifold up to considerable size. Its geometry is very intriguing and we explored different ways of visualizing it on the computer [6, 9] . However, a real model of this surface was still lacking.
During the Christmas break 2002/2003 Hinke was relaxing by crocheting hexagonal lace motifs when Bernd suggested: "Why don't you crochet something useful?" The algorithm we developed 'grows' a manifold in steps. We start from a small disc in the stable eigenspace of the origin and add at each step a band of a fixed width.
In other words, at any time of the calculation the computed part of the Lorenz manifold is a topological disc whose outer rim is (approximately) a level set of the geodesic distance from the origin. What we realized then and there is that the mesh generated by our algorithm can directly be interpreted as chrochet instructions! After some initial experimentation, the first model of the Lorenz manifold was [7] . The model is quite large, about 0.9 m in diameter, and has to be 'flattened' and folded for transportation.
In this article we explain the mathematics behind the chrocheted Lorenz manifold and provide complete instructions that allow you to chrochet your own. The images shown here are of a second model that was crocheted in the Summer of 2003. We took photos at different stages, and it was finally mounted with great care and then photographed professionally. This second model stays mounted permanently, while
we use the first model for 'touring'.
We would be thrilled to hear from anybody who produces another crocheted model of the Lorenz manifold. As an incentive we offer a bottle of champagne to the person who produces model number three. So do get in touch when you are done with the needle work!
The Lorenz system
The Lorenz attractor illustrates the chaotic nature of the equations that were derived and studied by the meterologist E.N. Lorenz in 1963 as a much simplified model for the dynamics of the weather [8] . Now generally referred to as the Lorenz system, it is given as the three ordinary differential equations:
We consider here only the classic choice of parameters, namely σ = 10, = 28, and
. The Lorenz system has the symmetry
that is, rotation by π about the z-axis, which is invariant under the flow of (1) .
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A simple numerical simulation of the Lorenz system (1) on your computer, starting from almost any initial condition, will quickly produce an image of the Lorenz attractor. However, if you pick two points arbitrarily close to each other, they will move apart after only a short period of time, resulting in two very different time series. This was accidentally discovered by Lorenz when he restarted a computation from printed data rounded to three decimal digits of accuracy, while his computer internally used six decimal digits; see, for example, the book by Gleick [1] .
While the Lorenz system has been widely accepted as a classic example of a chaotic system, it was proven by Tucker only in 1998 [12] that the Lorenz attractor is actually a chaotic attractor. For an account of the mathematics involved see the
Intelligencer article by Viana [13] .
Stable and unstable manifolds
The origin is always an equilibrium of (1). The eigenvalues of the linearization at the origin are
For the standard parameter values they are numerically −22.828, −2.667, and 11.828 in increasing order. This means that the origin is a saddle with two attracting and one repelling direction. According to the Stable Manifold Theorem [2, 11] , there exists a one-dimensional unstable manifold W u (0) and a two-dimensional stable manifold W s (0), defined as
where φ is the flow of (1 Apart from the origin, the Lorenz system (1) has two other equilibria, namely It is clear from Figure 1 that each of the branches of the unstable manifold visits both wings of the attractor, as is to be expected. In fact, due to the symmetry of equations (1) 
Geodesic level sets
The Lorenz manifold, like any global two-dimensional invariant manifold of a vector field, cannot be found analytically but must be computed numerically. The knowledge of global stable and unstable manifolds of equilibria and periodic orbits is important for understanding the overall dynamics of a dynamical system, which we take here to be given by a finite number of ordinary differential equations. In fact, there has been quite some work since the early 1990's on the development of algorithms for the computation of global manifolds. We do not give details here but refer to [5] for a recent overview over the literature. The key idea of several of these methods is to start with a uniform mesh on a small circle around the origin in the stable eigenspace and then use the dynamics to 'grow' this circle further away.
The main problem one needs to deal with is that the flow does not evolve the initial
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The goal of our algorithm is to compute 'nice circles' on the Lorenz manifold to obtain a uniform mesh. Nice circles on the manifold are those that consist of points that lie at (approximately) the same distance away from the origin. In other words, we want to evolve or grow the initial circle radially outward (away from the origin) and with the same 'speed' everywhere. To formalize this, we consider the geodesic distance between two points on the manifold, which is defined as the length of the shortest path on the manifold connecting the two points. The geometrically 'nicest' circle is then a geodesic level set, which is a smooth closed curve whose points all lie at the same geodesic distance from the origin.
The algorithm that we developed computes a manifold as a sequence of approximate geodesic level sets; see [4, 5] for the details. We start from a small disc in the stable eigenspace of the origin which we represent by a circular list of equidistant points around its boundary. This is our first approximate geodesic level set. The algorithm then adds at each step a new approximate geodesic level set, again given as a circular list of points. To this end we compute for every known point on the present geodesic level the closest point that lies on the new geodesic level set. (This can be achieved by solving a boundary value problem.) When the distance between neighbouring points on the new level set becomes too large, we add a new point between them by starting from a point on the present level set. Similarily, we remove a point when two neighbouring points become too close. In this way, we ensure that the distribution of mesh points along the new level set is close to uniform. At the end of a step we add an entire band of a particular fixed width to the manifold.
The width of the band that is added depends on the (local) curvature of geodesics on W s (0).
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Global information encoded locally
We used our algorithm to compute the Lorenz manifold up to considerable size, where we made use of the parameterization in terms of geodesic distance; illustrations and accompanying movies of how the Lorenz manifold is grown were published in [6, 9] The crucial point is that the curvature of the manifold is given locally on the level of the computed mesh simply by the information where we added or removed points during the computation.
Interpretation as crochet instructions
This observation allows us to interpret the result of a computation by our algorithm directly as a crochet pattern. Starting from a small crocheted circle, each new band is created by making one or more crochet stitches of a fixed length (translated from the width of the respective band) in each stitch of the previous round. Extra stitches are added or removed where points were added or removed during the computation; this information was written to a file. in the original mesh.
To preserve the geometry of the manifold one needs to ensure that the horizontal width of the used stitch and its length are in the same ratio as the average distance between mesh points on a level set and the width of the respective band. The crocheting reader will be relieved to hear that these considerations were translated into the crochet instructions below -simply following them slavishly will give a good result.
We assume that the reader is familiar with the basic crochet stitches, as they can be found in any book on chrocheting. Throughout we use the British naming convention of stitches, which differs from the American one; the definitions and abbreviations used are summarized in Table 1 . The Lorenz manifold is crocheted in rounds. Stitches in each round are counted with respect to the previous round, starting from the number 0.
The first stitch of a round is 1 ch, 3 ch, or 4 ch, depending on whether the round is done in dc, tr, or dtr, respectively. Each round is closed with a slip stich in the last ch of the first stitch. From one round to the next the colour alternates between light and dark blue, which helps identify the different bands in the finished model.
We found that the end result is much better if the threads are cut after each round, rather than carrying strands up the rounds.
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Getting started
To help with the interpretation of the instructions, we explain in more detail how to get started. We used a 2.50 mm crochet hook with 4-ply mercerized cotton yarn.
Note that the crochet hook is slightly smaller than recommended for the weight of the yarn; this is done to obtain a tighter gauge. The finished model Lorenz manifold up to geodesic distance 110.75 is then about 0.9 m in diameter, and required four 100 g balls of yarn. Obviously, using a thicker crochet hook and yarn will lead to an even bigger manifold. The complete crochet instructions are below; here we explain briefly how to read the compact crochet notation.
Begin ( Notice that 20 new crochet stitches are added in each round from rnd2 to rnd7; then the number of stitches starts to vary from round to round, but essentially remains constant when counted over two consecutive rounds. This means that roughly up to rnd10 of gd 36.75 the Lorenz manifold is a flat disc, allowing the algorithm to take large steps, which is translated to dtr crochet stitches. From gd 36.75 onward, all rounds are worked in tr crochet stitches.
In rnd37, that is, at gd 90.75 stitches are deleted for the first time. The notation position 514. This is done as follows: treble crochet stitch 514 is not finished completely, namely one does not bring the yarn around the hook and pull it through the last two loops on the hook. Similarly, treble crochet stitch 515 is then crocheted except for this last step. The two stitches are crocheted together by pulling a loop of yarn through all three loops at once. Note that -515 is followed by 515 so that a second treble crochet stitch is made in position 515, which effectively undoes the deletion of the stitch. This corresponds to an adjustment of the mesh points by the algorithm, and we kept the instuctions to be faithful to the computed mesh. In later rounds, for example, in rnd39, crochet stitches are deleted without being recreated again.
Comparison with crocheting the hyperbolic plane
The idea to crochet a model of the Lorenz manifold was born quite suddenly in 
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Mounting the crocheted Lorenz manifold
When we first saw the crocheted but yet unmounted Lorenz manifold shown in Figure 3 (c) we had some doubts whether we could get it into the required final shape. However, as was explained above, the crocheted manifold 'knows' its shape in three-space because of the locally encoded curvature information. When mounting the manifold, it (almost) automatically falls into its proper shape. To achieve this we found that only three ingredients are required:
1. fixing the z-axis with an unbendable rod;
2. supporting the outer rim with a bendable wire of the correct length;
3. Supporting the manifold in the radial direction with a single bendable wire that runs from rim to rim and through the origin.
For the third task one could choose the geodesics that are locally perpendicular to the z-axis, but we prefer to use the strong stable manifold W ss (0), which is basically the orbit of (1) that starts off at the origin in the direction perpendicular to the zaxis. Because it is an orbit, it is not a geodesic of the Lorenz manifold, but rather illustrates the difference between the geometry of the manifold and the dynamics on it. We computed W ss (0) with the software from [10] .
The next step was to identify the sequence of holes from one crocheted round to the next through which the positive and negative z-axis and both branches of W ss (0) go. This information is collected in the weaving instructions below.
To mount the Lorenz manifold we weaved an unbendable thin kiting rod through the z-axis and bendable wires through the last round and the location of W ss (0); details of this procedure can be found in the mounting instructions below. Modulo Abbreviations and Notation: see Table 1 and Figure 8 . 
Crochet instructions

Weaving instructions
To mount the Lorenz manifold it is best to first indicate the positions of the rod and the wires by weaving differently coloured yarn through the holes between stitches.
Start from the centre in the hole between the two stitches indicated in rnd1 below.
Then weave the yarn through holes from one round to the next, where the position of the next hole is indicated relative to the present position as shown in Figure 8 . After weaving in the z-axis and the strong stable manifold W ss (0), fold the manifold over along the z-axis weave. You should get a result as shown on the right of Figure 3 (c); the two branches of the W ss (0) weave should be symmetric with respect to the z-axis weave.
Positive z-axis: rnd1: 9-0; rnd2: +2; rnd3: +1; rnd4: +1; rnd5: +1; rnd6: +1; rnd7: +1; rnd8: +1; rnd9: +1; rnd10: +2; rnd11: +1; rnd12: +1; rnd13: +1; rnd14: +1; rnd15: +2; rnd16: +1; rnd17: +1; rnd18: +1; rnd19: +1; rnd20: +2; rnd21: +1; rnd22: +1; rnd23: +1; rnd24: +2; rnd25: +1; rnd26: +1; rnd27: +1; rnd28: +2; rnd29: +1; rnd30: +1; rnd31: +1; rnd32: +1; rnd33: +1; rnd34: +1;
rnd35: +1; rnd36: +1; rnd37: +1; rnd38: +1; rnd39: +1; rnd40: +1; rnd41: +1; 
